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Abstract. We establish formulae of Stark type for the Stickelberger elements in 
the function field setting. Our result generalizes a work of Hayes and a conjecture 
of Gross. It is used to deduce a p-adic version of Rubin-Stark Conjecture and 
Burns Conjecture. 

1. Introduction 

In this paper, we study Stickelberger elements related to abelian extensions over 
global function fields. Our main result is Theorem l5.ll which generalizes a theorem of 
Hayes ( |Hay88| ). In a way the theorem puts together conjectures of Gross, Rubin and 
Stark. And we will show that it implies a p-adic version of Rubin-Stark conjecture 
(see Theorem 11.11 below). Furthermore, using the theorem, we are able to deduce a 
p-adic version of a formula conjectured by Burns (see Theorem 11.21 below) . 

For the purpose of having a better description of our work, we shall review in 
the following paragraphs both Rubin-Stark conjecture and Burns conjecture. But 
before we do so, let us first fix some notations. 

From now on, Kj k will be a finite abelian extension over a global function field of 
characteristic p. We assume that the extension is unramified outside a given finite 
set S of places of k. And we fix another finite non-empty set T of places of k such 
that T fl S = 0. The notation K' will be used to denote a subfield of K containing 
k. Also, S(K') (resp. T{K')) will denote the set of places of K' sitting over S (resp. 
T). Let F q be the constant field of k, and put T = GaA(K/k), V = Gal(K' /k). 

The analytical side of Rubin-Stark conjecture involves the equivariant L-function 
which interpolates L-functions at each character. Recall that for each \ £ T the 
modified Artin L-function over k is defined as ( |Gro88j ) 

LsAx, s) = 11(1 - X(M) • Niv) 1 - 3 ) - ■ N(v)- s )-\ (1) 

Here [v] is the Frobenius element at v and N(v) = q deg ^ is the norm of v. Because 
in a global field places of the same degree always form a finite set, one can easily 
deduce that the above infinite product is expanded in a unique way as a formal power 
series in q~ s . It is well-known that this formal power series is in fact a polynomial 
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in q~ s QTat84j). Applying the theory of Fourier transforms, we see that there is a 
polynomial Qr,s,r(s) G C[r][g _s ] such that for every 

x{9t,s,t(s)) = L s ,t(x,s). (2) 

This Qt,s,t{s) is called the modified equivariant L-function. From (JTJ), we are able 
to express 0r,s,r as an infinite product. Namely, 

®r,S,As) = JJ(1 - [V] ■ g*BW(l-)) JJ(1 - [„] ■ g-^W')-l, (3) 

In particular, this implies that 0r,s,T is actually an element in Z[r][g _s ]. 

Now let us start to describe the arithmetic side of Rubin-Stark conjecture. This 
will involve various regulator maps related to units groups. Consider Os(k'), the 
ring of S'(-ft' / )-integers of K', and let 0* S , K ,^ be its units group. 

Definition 1.1. Define U(K') to be the kernel of the reduction modulo T(K') 

0* S{ K')^ 0*J(l + 7T w .O w ). 

And define Tk' — 4^S{K') — 1. For simplicity, we denote U = U(K), r = tk- 

Note that U (K') = jj Ga - l ( K / K ') [ s a f ree abelian group of rank tk 1 and there is an 
exact sequence ([Gro88j) 

1 _^ u(k>) _^ o* s(KI) — > J] Vxc{O s{KI) ) T{KI) — > Pfc(0 w ) — > 1. 

We recall that the (S(K'), T(iT'))-class number of X' is the group order 

h>K',S(K'),T(K') = \ ^c(0 S (K'))t(K')\- (4) 

To construct the regulator maps, we shall follow the notations and the methods 
used in [ Rub'JGj . In particular, if M is a finite Z[r]-module then QM denotes Q®M, 
and the dual module M* is defined as Hom r (M,Z[r]) C Hom r (QM, Q[T}). Also, 
if n is a non-negative integer, then A n M denotes the nth exterior power of M in 
the category of Z[r]-modules. We let i denote the natural map ( [Rub96j . Sec. 1.2) 
l : A n (M*) — > (A n M)*, such that if <p 1 , ...<f) n G M* and m u ...,m n G M, then 

l(<Pi A • • • A 4> n ){mi A • • • A m n ) = det(0 i (m j )). (5) 

And following [Rub96] . we define 

AgM := {m G QA"M | L {(f>i A • • • A <j> n ){m) G Z[T] for every 1; n G M*}. 

Now, we start to define the regulator maps. First, let Y(K') = (B wE s(K') ^ ' w i 
and 

X{K') = { a w -wEY(K')\ a - = 0}- 

weS(K') w£S(K') 

For each place w of K, let deg^ be the local degree map 

de g? „ : k* w — > — z, 
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such that if I \ w is the normalized absolute value associated to w, then 

\og(\x\ w ) = -deg w (x) ■ log(g). 
Compose this local degree map with the natural embedding U — > K* w to form 

\ w : U — > K* w ^ Z. 

And we define A : U(K) — > X(K) to be the T-equivariant homomorphism such 
that X(u) = T, w eS(K) X M ■ w for every u G U(K). Write A< n > : A n U — ► A n X(K) 

(resp. i (n ' : A n X(K) — ► A n Y(K)) for the map induced by the map A (resp. the 
inclusion % : X{K) — > Y(K)). Then the regulator map 

: QA n U — > Q[T] (6) 

associated to a $ 6 A n Y(K)* is defined as the one that linearly extends the map 

A n U ^ A n X(K) ^ A n Y(K) Z[T]. 

It is easy to see that if *0i e Y(K)*, then Tl^. G U*. Also, if * = Vi A • • • A ip n , 
then we have 

= t{n^ A--- AT^J. (7) 

Consequently, we have 7?.^(Aq?7) C Z[r] for every ^ G A™F(_ft')*. In this paper, 
some special elements in Y(K)* of the form w* will be used. Recall that for each 
place w over K, the element w* G Y(K)* is defined ( |Rub96j ) such that for every 
place w' 

w*(w') = 7- 

What we called Rubin-Stark Conjecture is the one proposed by Rubin in |Rub96j 
(Conjecture B'), because it can be viewed as an integral version of Stark's conjec- 
ture ( |San87[ IStk71t IStk75l IStk76l IStk80j ). In a way, the conjecture relates some 
derivative of the equivariant L-function to certain exterior product of units arising 
form regular representations of T. It is easy to see that the units group U contains 
a regular representation of T if and only if some place in S splits completely over 
K. Thus, for the purpose of having an interesting theory, we need to assume the 
following: 

Assumption 1.1. From now on, we assume that there exist n, n > 1, different 
places So = {v%, v n } C S such that every place in So splits completely over K , 

Definition 1.2. Let ...,v n be as in Assumption 11.11 and let W\, ...,w n be a fixed 
set of places of K such that each Wi is sitting over the place Vi G S . And let 
rj — w{ A • • • A w*. 

First we note that Assumption 11.11 (together with the class number formula at 
s = 0) implies 

e r ,5,T = a n (q- s — l) n + • • • G (q- s - 1) • Z[r][g- fi ]. 
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And the coefficient a n G Z[r] will be denoted as Q^ ST (0). For each x e f let e x 
be the associated idempotent element in the group ring C[T], and let r x denote the 
C-dimension of the x-eigenspace of C ®z U. Define 

Ag T = {u G Ao?7|e x (w) = 0, for every such that r x > n). 

Then in our settings Rubin-Stark conjecture reads as following. 

Conjecture 1.1. (Rubin, [Rub96j, Conjecture B') There exists an e G Ag T such 
that 

TZ v (e) = 6g )T (0). (8) 

We will show in Section 15.11 that our main result implies the following p-adic ver- 
sion of the conjecture. Here "p-adic" means tensoring things with Z( p ). In particular, 

Z {p) A s ,t = Z(p) <g> A s ,t C QA SjT . 

Theorem 1.1. There exists an e G Z( p )Ag T such that in Z( p )[r] 

n v (e) = eg iT (o). (9) 

A different proof of the theorem can be found in |Pop05| , and a proof for the 
Z-adic (I p) version of Rubin-Stark conjecture is given in [Bun04] . In view of 
this, over function fields, Rubin-Stark conjecture actually holds. Now we review the 
conjecture of Burns. We will follow the construction described in |Bun02| IHaw04] . 
The conjecture involves regulators of another type, and we are going to define them 
in the follow paragraphs. 

First we note that if M is a Z[F]-module, then for each <p G M* there is a unique 
(f)(id) e Hom z (M, Z) such that for x G M 

0(x) = ^^( 7 - 1 x)7- (10) 
7er 

For a place v over k, define 

V : u(k) -^k* v ^r v ^r, (ii) 

where the first and the last arrows are natural embeddings and the second is the 
norm residue map in the local class field theory. Let u%, u rk be a Z-basis for U (k), 
v n+ \, ■■■,v rk be distinct places in S \ So and 0i, ...,0 n G U*. Consider the matrix 

A = (aij)i< it j<r k with 

(^(«i),ifl<i<" 

| Ki,r(uj) - 1, if n + 1 < % < r k . 

For each pair i,j the entry is an element in Z[r]. And it is obvious that the 
determinant det(A) is in I Vk ~ n where I is the augmentation ideal of Z[r]. Up to 
±1, the residue class of det(yl) modulo I rk ~ n+l depends on neither the ordering 
of Vi,...,v n nor the choice of the basis Ui,...,u n . We assume that the ordering 
of vx,...,v n is fixed and the basis ui,...,u rh are ordered in a way such that the 
classical regulator formed by them is positive. On the other hand, the residue class 
of det(A) actually depends on the exterior product $ = t(0i A • • ■ A <p n ) G i(A n U*), 
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and therefore we will denote it as Reg*. On top of Conjecture II. 1[ Burns [B un02j 
proposes the following strengthened conjecture. 

Conjecture 1.2. Assume that Conjecture II. II holds, so that for every <3> G L(A n U*), 
we have $(e) G Z[r]. Then this element satisfies 

He) = h k , s , T Beg$ (mod /"+ 1 ). 

For more material related to this conjecture, see for instance |Bun02l IBun04l 
IHaw04l |Pop99a| |Pop99b| |Pop02| IRub96] . The /-adic version (for I ^ p) of the 



conjecture is proved in |Bun04] . but it seems the technique used in the proof can 
not be applied to cover the following p-adic version, which will be proved in Section 
15.21 Let I p be the augmentation ideal of Z p [r]. 

Theorem 1.2. Let notations be as those in Theorem 11.11 Then for every $ G 
i(A n U*), we have $(e) G Z P [F] and this element satisfies 

$(e) = h k ^ T Regf (mod/^-« +1 ). (12) 

Now we begin to describe Theorem 15.11 our main result. In short, it is a p-adic 
refinement of Theorem 11.11 The method for making this kind of refinement comes 
from [Gro88l rGro90j . and the main idea is to replace Z p by certain Galois groups in 
order to construct refinements of both side of the equality @. To explain it, let us 
start with those degree maps deg„, which play important roles in the construction 
of the regulator maps. These local degree maps together form the global degree 
map deg : A^- — > Z defined on the ideles group A#. Let L = KF qP °° be the 
constant Z p -extension over K. If we view Z p as the Galois group GsX{Lq/ K) and 
compose the map deg with the embedding Z — > Z p which sends 1 to the Frobenius 
in Gal(Lo/i^), then we get the norm residue map A^ — > GaA(L / K), and the local 
degree map is just the composite — > A^ — > Gal(L /K). From this we see 
that the field extension L /K and the related norm residue maps are implicitly used 
in the construction of the previous regulator maps. 

For the refinements we are going to use various Galois groups of the form H : = 
Gal(L/if) where L/K is a pro-p abelian extension such that L/k is also abelian 
and unramified outside S (such extension is called admissible, see Definition 12.11) . 
We let H play the role of Z p = GaX(L /K) and use the related norm residue maps 
to construct, for each \l>, the associated refined regulator map TZ^ t H (Definition 
I4.2p which has values in the nth relative augmentation quotient associated to H 
(Definition 12 .3p . To see that TZ^ t H actually refines IZy, we only need to take L = L , 
because in this situation 71^ can be recovered from TZ^ ; h (Lemma 14.21) . We would 
like to emphasize that H, the Galois group of the maximal admissible extension, 
is a direct product of countable infinite many copies of Z p (Lemma 12. ip . And, 
in a way, Lemma 12.51 together with the isomorphism ( fl5l) says that an element 
in the nth relative augmentation quotient associated to H can be identified as a 
Z p [r] -coefficient n'th degree homogeneous "polynomial in countable infinite many 
variables" . Furthermore, under this identification, if the Z p -basis of H is suitably 

arranged, then for each e G Z( P )A^ the value IZqr(e) is just the coefficient of certain 
monomial in TZ^^e). In particular, it is fair to say that the map T^h, where r\ 
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is the one in Definition 11.21 carries a rich amount of information about the units 
group. In fact, the universal property studied in Section l4~4l (see Corollary 14.21) tells 
us that most of the important information about the integer structure of the n'th 
exterior product of the units group can be obtained from TZ V) ^. 

The refinement of the equivariant L-function 0r,s,T turns out to be the Stickel- 
berger element Qq (see Definition 13.11) where G = Gal(L/k). For its reason, please 
see Lemma I3TT1 It is somewhat a surprise since the Stickelberger element only inter- 
polates special values of L-functions while the equivariant L-function interpolates 
the complete L-functions. Lemma [3.11 also tells us that in the case where L = L , 
the "nth derivative" T (0) can be recovered from the residue class [9o\( n m of 

6q in the nth relative augmentation quotient. That there is a unique e in Z^A^ 
such that 

for every admissible H is exactly the content of Theorem 15. 11 In the case where 
H = H we have an equality between two "polynomials in infinite variables" while 
([9]) in Theorem 11.11 is an equality between the corresponding coefficients of certain 
" monomial" . And this is the reason why Theorem 15.11 implies Theorem 11.11 

The proof of Theorem 11.21 involves a refined class number formula proposed by 
Gross |Gro88] (see Conjecture 15 . If) . What we actually use is its p-adic version proved 
in [Tan95j (see Theorem 15. 2p in which the congruence (138|) relates the Stickelberger 
element 9q with the product of h^s t T and a regulator det^ defined by Gross. In 
contrast to this, Theorem 15 . 1 1 relates 6q with the refined regulator TZ^h^) which is 
the left-hand side of the congruence fll2p . The main step for proving Theorem 11.21 
is to use the aforementioned universal property to relate the right-hand side of f fl"2l 
to the product hk,s,Tdetc- 

Finally, let us have some words about the proof of Theorem 15.11 In brief, it is 
based on two observations. First, we find that, via Fourier transform, the theorem 
is equivalent to its twisted version, Theorem 15.31 in which the main part is the 
congruence f|4*3l . And we have discovered that both the left-hand and right-hand 
sides of (j4"3"j) can be found as factors of the corresponding left-hand and right-hand 
sides of the congruence f[3"8j) in Theorem 15.21 Furthermore, the two sides of flHSj) are 
indeed products of these kind of factors (indexed by characters, see Proposition 16.11 
and Proposition 17.11) . To use ( |38l) to prove ( |4*3l) . we apply Fourier transforms, the 
universal property and the result of Hayes for the case n = 1. 

This manuscript has evolved through several versions, since 1996. It is a great 
pleasure to thank David Burns, Wen-Cheng Chi, Benedict Gross, Po-Yi Huang, King 
F. Lai, Cristian Popescu, Karl Rubin and John Tate for stimulating discussions. 

2. Admissible extensions and Augmentation Quotients 

In this chapter, we study admissible extensions and the properties of the associated 
augmentation quotients. 

2.1. Admissible extensions. 
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Definition 2.1. An abelian extension L/K and its Galois group H = GeA(L/K) 
are admissible if the followings are satisfied: 

(1) The extension L/k is abelian and is unramified outside S. 

(2) The extension L/K is a pro-p extension. 

Throughout this paper, we will fix an admissible extension L/K, and we will also 
fix the notations: G = GaX(L/k), H = Gal(L/ K), T = G/H. Also, a subgroup of G 
denoted as H' always contains H, and we always denote K' = L H and I~" = G/H'. 

2.2. The maximal admissible extension. Although there are infinitely many 
different admissible extensions, the theory in this paper can be summed up to a 
theory for a single extension, that is, the maximal admissible extension with respect 
to K/ k and S. We will denote the associated Galois group by EI and will first study 
its structure. 

Lemma 2.1. The maximal admissible Galois group H is a direct product of countable 
infinite many copies ofZ p . 

Before we prove the lemma, let us recall some known results related to the local 
Leopoldt conjecture (see |Kis93t [Tan95j ). 

Lemma 2.2. Suppose that JC is a global function field of characteristic p and v is a 
place over K,. If an element u G /C* is divisible by p in K.*, then it is divisible by p 
in /C*. 

As a consequence, we have the following . 

Lemma 2.3. ([Kis93j) Suppose that K, is a global function field of characteristic p 
and S is a finite set of places of fC. Then the Galois group of the maximal pro-p 
abelian extension over K, unramified outside S is a direct product of countable infinite 
many copies ofL p . 

Proof, (of Lemma 12.11) 

Let r = T p © r be the natural decomposition of T into the p-part, T p , and the 
non-p-part, Tq. Suppose that G is the Galois group over k of the maximal pro- 
p abelian extension unramified outside S. Then G is an extension of T p which is 
viewed as a quotient group of T. Let 7i = ker(G — ► T p ) be the kernel of the natural 
quotient map. Then 7i is isomorphic to EL 

By Lemma [231 G is a direct product of countable infinite many copies of Z p , and 
so is EL □ 

2.3. Group rings and augmentation ideals. For the rest of this chapter, we will 
study group rings with various coefficient rings together with two types of augmen- 
tation ideals and the associated augmentation quotients. 

Let R be an integral domain finite over Z or Z p . If C is the fraction field of R 
and M is an i?-module, then we use CM to denote C ®r M. 

Definition 2.2. For a pro-finite group 7i, let R[TC] be the projective limit of R[A], 
where A runs through all the finite quotient groups of 7i. Also, for every positive 
integer n, let lR,(H) n be the projective limit of I R (A) n , where /ij(A) n is the nth power 
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of the augmentation ideal Ir(A). We call respectively i#(7i) n and 1 /?(7Y) n / 1 R,(H) n+1 
the nth augmentation ideal and the nth augmentation quotient of R[H}. 

For the rest of the paper, if H : ri\ — > Ti.2 is a group homomorphism, then we 
will also use 5 to denote the induced homomorphisms on the group rings and the 
augmentation quotients. 

Definition 2.3. If H' is finite, let Ir^h 1 be the kernel of the ring homomorphism 
R[G] — ► R[T'] induced from the natural quotient map G — > V . In general, for 
every positive integer n, let Ir H i be the projective limit of H n^, where Af runs 
through the family of all open subgroups of H' contained in H . We call respectively 
Irh' an d Irh'/Ir + h> the relative H' -augmentation ideal and the nth relative 
H' -augmentation quotient of R[G] 

For simplicity, we let I(H'), I p (H'), In 1 and I p h> denote respectively I Z (H'), 
h p {H'), I ZjH , and h p ,w- 

Definition 2.4. For £ G lR(H') n C R[H'], let [£](„) be its residue class in the 
augmentation quotient I R (H') n / I R (H') n+1 . Also, for £ G Irw c let [£\(n,H') 

be its residue class in Irh'/Ir + h'- 

Definition 2.5. Let F be a fixed number field containing all the values of characters 
ofT and let O = Of be its ring of integers. Let O p be the completion of O at a fixed 
place sitting over p and let F p be its field of fractions. Define the group rings over 
F, F p and the corresponding augmentation ideals as follow. Let F[H'] = FO[H'] 
and F P [H'] = F p O p [H'}. Also, for every positive integer n, let I F (H') n = FIo(H') n , 
lF p (H') n = F p I 0p (H') n , I^ H , = FT^ W , and Ip p H , = F p I£ p H ,. 

In many situations, the structure of the augmentation quotients can be explicitly 
expressed. First of all, we have the following isomorphism QGro88j) 

Sh , : H' — ► I{H')/I{H') 2 (13) 

which sends h G H' to h — 1 (mod I(H') 2 ). Also, if H ~ for some d and R 
is either Z p or O p , then the graded ring formed by augmentation quotients can 
be identified with a polynomial ring. To see this, let -R[[si, s<f]] be the ring of 
formal power series in d variables. If £ = {o~i, ...,o~d\ is a basis of H over Z p and 
%i = o~i — 1 G R[H], i — 1, d, then the map R[H] — > R[[si, Sd}}, X{ i— > Si is an 
isomorphism. Consequently, for every positive integer n, 

I R (H) n = (x u ...,x d ) n ~{ Sl ,..., Sd ) n , (14) 

and the augmentation quotient Ir(H) u / Ir(H) u+1 is isomorphic to the i?-module of 
nth degree homogeneous polynomials in s±, s^. This induces an isomorphism 

oo 

ds, R : I R (H) n /I R (H) n+1 ^R[ Sl , s d ]. (15) 

n=0 

Since F P [H] = F p ®o p O p [H], tensoring with F p , We get the induced ring homomor- 
phism 

oo 

de,F p :^I Fp (Hr/I Fp (Hr +1 ^Fp[ Sl ,...,s d }. (16) 

n=0 
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Lemma 2.4. (a) For each non-negative integer n we have I p (H) n n Z[77] = 
I{H) n , 

Io P (H) n n 0\H] = I (H) n and I Fp (H) n n F[H] = I F {H) n . 

(b) Suppose that either 77 is finite free over Z p or H = H. For i = 1,2, /e£ A, 
6e one o/ i/ie rings Z, Z p , (9, P , F and F p . 7/Ai C Ai, then for each n, 
I A2 (H) n nA 1 [H] = I Al (H) n . 

(c) If H is finite free over Z p or H = H, then the natural map 

% : 7(77)77(77)" — I p (H) n /I p (H) n+1 
is an isomorphism. 

Proof. In Part (a), the third equality is from the second. If 77 is finite, then the 
proof of the first equality can be found in |Tan95] . Lemma 2.5. The second equality 
can be proved in a similar way. If 77 = H, we prove them by taking projective limits. 

To prove Part (b), we first assume that 77 is finite free over Z p . If we are in the 
special case where {Ai,A 2 } C {Z p , O p ,F p }, then Part (b) is proved by using (1T41) . 
In general, put A' { = (Ai) p , for % = 1, 2. Then we have I A ' 2 {H) n n A'JiJ] = I^(#) n . 
Also, part (a) implies that Ia^H)* 1 n Ai[i7] = I Ai {H) n . These imply Part (b). The 
case 77 = HI is proved by taking projective limits. 

To prove Part (c), we note that by Part (b), the map i is injective. First assume 
that 77 is finite free over Z p . Then by Equation (1141) . the homomorphism <p sending 
h to the residue class of h — 1 is an isomorphism from 77 to 7 P (77)/7 P (77) 2 . It is 
obvious that (see ffTHj) ) <fi — i o 8h- Since 5h is an isomorphism, so is i. This proves 
the lemma for n — 1. For n > 1, we observe that the multiplication map 

I P /I 2 P x 7;-V7 p " — 7 p 77£ +1 

maybe not surjective but its image generates the whole group (as an abelian group). 
Then the surjectivity of i is proved by induction. Again, the 77 = HI case can be 
proved by taking projective limits. □ 

Lemma 2.5. For g G G, let 7 S £ T be its residue class modulo 77. Then for a 
nonnegative n, the homomorphism 

£ n : R[T] ® R I R (HT/I R (H) n+1 -^Il H /I^, 

which sends the residue class of 'j g ® (hi — 1) (h n — 1) to that of 

g(h\ — 1) (h n — 1), hi, h n £ 77, is an isomorphism. 

Proof. That the homomorphism £ n is well defined is due to the simple fact that if 
hi, /i 2 £ 77, g £ G, then ghi = gh 2 (mod 7#). The rest is obvious for the case where 
77 is finite. In general, it is proved through projective limits. □ 

The lemma shows that the structure of the augmentation quotient Prh/Ir + h 
actually depends only on the structures of T and 77. 

2.4. Numerical extensions. The relative 77-augmentation quotients can be easily 
expressed in the following situation. 

Definition 2.6. The extension L/K and its Galois group 77 are called numerical if 
77 ~ Z p . 
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In particular, L/K is numerical, if it is the constant Z p -extension. If H is numer- 
ical and a is a Z p -generator of it, then the isomorphisms in the previous sections 
together form the following isomorphism 

Val ff , n = Val^c/H : I n H /I n H +l ^ Z[r] ® I (H) n / 1 (H) n+1 ^ Z p [r]. 

Here we identify Z[T}®I(H) n / I(H) n+1 with Z[r]®/ p (i/)"7/ p ( J ff) n+1 , and we identify 
an one variable homogeneous polynomial with its coefficient. If a' = uo~, u G Z*, is 
another generator, then Val CT)n = u n ■ VaLy i7l . 

If if is numerical, then G can be identified with V x if' for some subgroup H' ~ Z p 
containing if. In this case, T = T' x H'/H. We will relate the group ring and the 
//-augmentation quotients of the group G to those of the direct product G = T x H. 
To do so, we let w = \H'/H\ and define 

¥ : G = T x H' — ► r x H'/H x H = T xH 

(j',h') » {1ji,wti) (l7) 

Both G and G are extensions of T by H, and by Lemma [2~5l we have the associated 
isomorphisms £ n<G : Z[r] ® I (H) n / 1 (H) n+1 — ► and 

£ n 6 : Z[r] ® I(H) n /I(H) n+1 — ► Ih/Ih +1 > where denotes the nth relative H- 
augmentation ideal of Z[G]. The following lemma is obvious. 

Lemma 2.6. Let n be a nonnegative integer. An element^ 6 Z[G] is in 1^, if and 
only z/¥(£) is m In fact, if as in Lemma [231 we associate the isomorphisms 
£ n ,G and £ n q respectively to the groups G and G, then 

¥ o £ n>G = w n £ n>G , (18) 

and 

yala,n,G/H °¥ O £ n>G = CC7 n Vsl^fyg °£ n>G - (19) 

3. Stickelberger elements as refinements of the equivariant 

l-functions 

In this chapter, we review the definition of Stickelberger elements and show that 
they can be viewed as refinements of the equivariant L-functions. 

3.1. The Stickelberger elements. 

Definition 3.1. ( |Gro 88j.[Tat84j) The Stickelberger element 9 h' = 9l/k' associated 
to the extension L/K' is the unique element ofZ[H'] such that for each continuous 
character ip of H' , 

^{9 W ) = L S (K>),T{K>)(ip,0). (20) 

For the existence of the Stickelberger element, see [Gro88l ITat84j . 

In the case where L/K is the constant Z p -extension, we can relate 9 G to 0r,s,T in 
the following way. First we note that the Galois group of the constant Z p -extension 
over k can be identified with some H' such that G can be identified with V x H'. 
This is actually the situation discussed in Section 12.41 We recall the notations used 
there and in particular, we have w = \H'/H\. Let a' be the Frobenius of H' . Then 
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at every place v S, the Frobenius element [v] G G can be expressed as the product 
l'v ' (o~') des( - v \ "i' v G r'. For every natural number d, there are only finitely many v 
with deg(f) = d. From this we see that in the ring Z[r"][[a"']], the infinite product 

TL = H(l-N{v).[v])]l(l-[v]r 1 (21) 

veT vgS 

converges to a sum 

oo 

d=l 

where each a' d is an element in the group ring Z[T']. 



Lemma 3.1. Suppose L/K is the constant Z p - extension and a is the Frobenius in 
H = Gal(L/K). Let notations be as the above. Then the following s hold. 

(1) We have a' d = 0, for almost all d, and also H — 9g- 

(2) If¥(e G ) = £ d a d ■ (a - l) d , a d G Z[T], then Q r ^ T = J2 d a d ■ (q~ s - l) d . 
Furthermore, a d = 0, for d = 0, ...,m, if and only if Qq G Jjy. In this case, 
we have 

e r ,s,T(0) (m) =a m = Val ff)m)( 5 /H (¥([0 G ] (m ,H ) )) = w m ■ Val a>m , G/H ([e G ] (m>H) ). (22) 

Proof. We first apply ¥ to II. Then we compare equations ([I]), (E]) and ( !2lT) to see 
that Part (1) and the first statement of Part (2) hold. The rest is a consequence of 
Lemma 12.61 □ 

3.2. Twisted Stickelberger elements. Suppose that {i? 7 | 7 G T} are the H- 

cosets of G. We view Z[G] as the ring of integer valued measures on G, and, for 
each 7 G T, let Z[if 7 ] be the set of integer valued measures on the open subset H^. 
For a measure on G, we can restrict it to the open subset if 7 , and this defines the 
restriction map res# 7 : Z[G] — ► Z[H 7 ]. Since H 1 is also a closed subset of G, we 
can extend each measure in Z[ff~] to a unique measure on G vanishing outside H 1 . 
This extending of measures induces the injective map ext# : Z[if 7 ] — > Z[G]. 

Definition 3.2. Define, for each 7 G T and each £ G Z[(j], £/ie 7 -part of £ as 
£ 7 = ext^ 7 o res^ (0 ■ We have £ = E 7 67- 

Definition 3.3. For \ G f 1 , ine \-twist homomorphism is the ring homomorphism 
[x] '■ Z[r] — >■ C[r] which sends J2 a "y1 t° a -yX(l)l ■ Also, the x-twist homomor- 
phism from Z[G] to 0[G] is the map sending £ = X^er'vy t° £x = 2~^ 7 er ' £7; 
and we a/so let [x] denote this homomorphism. 

Thus we have the twisted Stickelberger elements 9 X = [x](#g), X T- We have 
the following commutative diagram. 

Z[G] — > 0[C7] 
I I (23) 

[ X ]: Z[T] — 0[r], 

where two down-arrows are induced from the natural quotient map G — > T. 
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4. The refined regulator maps 

In this chapter we use the theory developed in Chapter [21 to define the refined 
regulator maps. 

4.1. The global A map. Let A* K , be the ideles group of K' and A^, — > H' be 
the norm residue map. Recall the map 5h' in ( IT3l) . In a way similar to the one for 
constructing the map A V) r in ( TTTT) . for each place w of if', composite the natural 
embeddings U(K') — > if'* and if'* — ► A^, with to form 

K,H' : — K'l — > A*,, — ii' ^ I(H')/I(H'f. (24) 

Following [Gro90j . we define the global A map. 

Definition 4.1. Let 

A#' : U(K') — -+ Jf(if') ® I(H')/I(H'f C F(if') ® I(H')/I(H') 2 
be the homomorphism defined by 

Ah'(m) = /J w <g> A U) (m), /or a// w G U(K'). 

weS(K') 

Note that we have, for 7 6 T', 

^ w ,h(iu) = iK,h(u), (25) 

and therefore \h> is a T'-equivariant homomorphism. Suppose that H' C H" = 
Gal(L/if") are two subgroups of G and w', w" are respectively places of if' and if" 
such that w" = w' \k"- We identify Y(K") with a sub-module of Y(K') by identify- 
ing w" with the trace J2 a eH"/H' ow ' e ^(-^' )■ Also, we identify I(H')/I(H') 2 with 
a subgroup of I(H")/I(H") 2 , using the diagram 

H' ^ H". 

i i 

I(H')/I(H'f ^ I(H")/I(H"f. 

Then both Y(K') <g> I(H') / I(H'f and F(if") ® I(H") / I(H"f can be viewed as 
sub-modules of K(if') <g> I(H")/I(H") 2 in which we have, for u G U(K"), 

Xh»(v,) = \ h >(u). (26) 



4.2. The refined regulator maps. Let A n U — ► A n (X(K) ® 1(H) /1(H) 2 ) be the 
homomorphism induced from Xh and let 

A n (X(K) <g> 1(H) /1(H) 2 ) — > A n X(K) <g> I(H) n /I(H) n+1 be the T-equivariant ho- 
momorphism sending (x\ g) [h% — l](i)) A • • • A (x n (g> [/t„ — l](i)) to 
(x\ A ■ • • A x n ) ® [(/ii — 1) (/t n — l)]( n )- Then we define A^ as the composite 

A^ } : A n U — > A n (X(K) ® 1(H) /1(H) 2 ) — ► A n X(K) <g> I (H) n / 1 (H) n+1 . 
Recall the notations in Chapter [TJ In particular, the map v- n ' induces a map 
i {n) <g> \& H : A n X(K) ® I(H) n /I(H) n+1 — ► A n Y(if) ® I(H) n /I(H) n+1 . 
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Also, for \1/ G A n Y(K)* the map t(^>) induces a map 

® icW : A n F(/0 ® I{H) n /I{H) n+1 — ► Z[T] ® I (H) n / 1 (H) n+1 . 

We then make the composition (t(^) ®id#) o (z*™) Cg>id#) o A)^ and extend it linearly 
to form the map 11% H : QA n U — > Q[T] <g> I(H) n /I(H) n+1 . 

Definition 4.2. For an e G QA n [7 such that TZ% m (e) is in Z[T] <g> I (M) n / 1 (M) n+1 
and for the admissible Galois group H with the natural quotient map Qh : HI — > H 
we define the refined regulator 7^,.ff( e ) a s the image of TZ% m (e) under the map 

z[r] <g> /(e)7/(e) n+1 id -^ H z[r] ® i(H) n /i(H) n+1 Ih/iI +1 - 

Similar to the map i defined in Chapter (TJ we have the map 

l h : A n ttom T {U, Z[T] <g> 1(H) /1(H) 2 ) — > Hom r (A n ^, Z[T] <g> I(H) n / I(H) n+1 ), 

such that if 0i, G Hom r (C/,Z[r] <g> 1(H) /1(H) 2 ) and Mi, ...,n n G C, then 

i H (0i A • • • A <p n )(ui A • • • A u„) = det(0 i (M i )), (27) 

where the determinant is computed by using the multiplication 

z[r] <g> i(Hy/i(H) i+1 x z[r] ® i(H) j /i(H) j+1 — > z[r] ® i(H) i+j /i(H) i+ j +l 

(a ® [&](*), & ® >-> ^ ® 

(28) 

If V< G Y(K)\ then 7^,. ^ G Hom r (C/, Z[r] ® 1(H) /1(H) 2 ), and we have 

^ lA ..-A^,ff = ^(% uH A • • • A 72^). (29) 

Next, we will study the relation between IZy and Hy t H- Our first goal is to show 
that 7^ 5 #(e) is defined for every e G Z^AqU. 

Suppose H ~ Z d p and {ti,. ..,*,*} is a basis. Then Z[r] <g> I(H)/I(H) 2 can be 
identified with the direct sum Z p [T]ii + • — hZ p [r]t d . Let ipi, ...,if) n G Y(K)*. From 
the above construction, each Vh. H is a T-equivariant map from QU to Q p [r]ii + 
• ■ ■ + Q P [r]t„ and we have 72^. jH = ©jLiV'ijA? where each ^ is an element of Z^U*. 
From the isomorphism ( fl5l) and Lemma [2.41 we see that I(H) n /I(H) n+1 is the nth 
symmetric tensor of 1(H) /1(H) 2 and Z[T] <g> I (H) n / 1 (H) n+1 can be identified with 

the direct sum ni+ ... +n ^Z^r]^ 1 t n d d . If * = Vi A • • • A ij) n , then we have 

^« H = ©ni+...n d =n^«i,---,n d ^i 1 ^ d where each \? nil ... )Tld is a T-equivariant map 

from QA n U to Q[r]. In fact, if H ni) „. jTl(i is the set consisting of all maps 

£ : {l,...,n} — > {l,...,d} such that |£ _1 («)l = n %i then from (1291) we see that 

^m,...,™ d = ^ A • • ■ A ijJntUn))- 

For each e G Z( p )Aq?7, we have A • ■ ■ Aip n ^ n - ) )(e) G Z p [r], hence we must have 

71% H (e) e ^[r] ® I (H) n / 1 (H) n+1 . Furthermore, since H is the projective limit of 
those H which are finite free over Z p , we also have TZ% m (e) G Z[T] ® J(e)"/J(H) n+1 
for e G Z(p)AgC/. The following lemma is proved. 

Lemma 4.1. If ^ G A n y(A')*, t/ien i/ie refined regulator lZq,,H(t) is defined for 
every e G Z^AgiJ. 
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Now we compare the refined regulator map with the old regulator map. 

Lemma 4.2. Suppose L/K is the constant 7L v -extension and o is the Frobenius in 
H = Gdl(L/K). Then for every * G A n Y(K)* and every t G A%U 

ft*(e) = V<„(¥(7e*,H(e))). (30) 

Proof. It is easy to see that Val (Ti i(¥(£i(A Wi //))) = X w , and from this we see that 
Val CT) i(¥(£i(72.^,. H (uj)))) = IZ^iuj)- This proves the lemma for the n — 1 case. 
The general case is proved by using (CO) and ( 1291) . □ 

4.3. The twisted regulators. Recall the x-twist homomorphisms defined in Def- 
inition 13.31 

Lemma 4.3. We have 

ixm) c i% iH , 

Proof This is due to §23$). □ 



By the abuse of notations, we also use [x] to denote the induced homomorphism 

jn I rn+1 rn / rn+1 

1 hI 1 h >1 o,hi 1 o,h- 

Definition 4.3. For x € f, * G A n F(K)* and e G Z (p) A™[7 de/me t/ie x-twisted 
regulator 

4.4. The universal property. In this section we study some special properties 
of the refined regulator map. We will show the injectivity as well as a universal 
property which says that every set of n homomorphisms (fix, <j) n G Hom-p(U, Z p [r]) 
can be obtained from the refined regulator map. 

Let wi, .., w n , 7] and w*, u>* be those defined in Chapter [H Let S' be a finite set 
of places of k such that S fl S' = 0. For each t> G S" we arbitrarily choose a place w 
of if sitting over v. Let S# be the collection of these chosen places. 

Lemma 4.4. For a place w' G S' K let [w'\ G H be the Frobenius element at w' . If 
there are Ui,...,u n G U and a w i G Z p for each w' G S' K such that in /(HI) //(H) 2 
the sum Y^t=i ^.Bt^i) + 5wes' a w'^m([ w ']) divisible by p, then in U every Ui is 
divisible by p. 

Proof. We consider the maximal pro-p abelian extension L/K unramified outside 
S{K). Denote G = GaX(L/k) and H = G&L(L/K). Then T = G/H and [G, G] C EL 
In particular, T acts on H through conjugate. Let 

K= [G,H] = ^(1- 7 )H, 

and denote G = G/K, W = H/K. Then, T = G/H' and M = H'/[G',G']. As T 
acts trivially on H', we have 

[G,e'] = {id}. (31) 

Let A" = |T|. Then for /, g G G', fg N f~ 1 = g and hence fgf^ 1 = gh for some 
h G H' such that h N = id. By ( |3Tj) . the abelian group [G',G'] is generated by A^ 2 
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elements whose orders are divisors of N. Therefore, [G', G'] is finite and so is the 
index C := [[G, G] : K]. Let p m be the maximal p-power divisor of C. 

Let Zi = (zi >w ) w G be the idele such that z^ w = Ui if w = Wi and z^ w = 1 if 
w ^ Wi. If Ya=i \u it n{ u i) + J2 w 'eS' a wSm{[w']) is divisible by p in I(M)/I(B) 2 , then 
by Class Field Theory, we can find a G K*, (3 G Yl w ^ S (K) a e anc ^ ^7 e A^- 
for each 7 G T such that 

n 

iK=« pm+i ■«■/*■ n c-'-wimk 

i=i w'e5^ 7Gr 

Note that since {t> 1, t>„} = 5 $1 5, there is a place t> G S\Sq. Taking the norm 
Nk/isi we see that at t> the norm Nx/k(<^) is locally a p m+1 th power. By Lemma 
12.21 the element Njc/ki 01 ) is a p m+1 th power in k*. This implies that each Nx/k(zi) 
is a pth power idele. Since Zi is trivial away from 10, and t> j splits completely in i^, 
Ui = N K / k {zi) itself is a pth power in K^.. Again, Lemma 12721 implies that is a 
pth power in K* and hence a pth power in U. □ 

Let Ui = 7L v ® U, for i = 1, n. We extend each X Wit a linearly to a map from £/j 
to I(U)/I(U) 2 and form the sum 

n 

A So ,h := ^ A^h : Ui © • • • © 17„ — > J(H)//(H) 2 . 

i=i 

Let U be the image of As 0i h and denote by W the Z p - sub-module of 1(H) /1(H) 2 
generated by the set {^hQiw']) | w' G S' k }. In view of Lemma 14.41 we have the 
following. 

Lemma 4.5. The map \s ,w is injective and its image, denoted as U, is a direct 
summand of 1(H)/ 1 (M.) 2 as a Z p - sub-modules. Furthermore, we have U fl W = {0} 
and U + W/W is a direct summand of (I (M) / 1 (M) 2 ) /W . 

As in Chapter dj if M is a Z[r]-module then there is a one-one correspondence 
«_> 0(*O between Hom r (M, I H /I 2 H ) and Hom z (M, 1(H) /1(H) 2 ) such that 

0( m ) = ^ 7 (8)0 (icO (7- 1 (m)), 

for every m G M. A similar correspondence holds if M is a Z p [r]-module. 

Recall that IZ^.* H is formed by the linear extending of the composition (w* ® 
ide) (i <8> ide) Ah- Using the above notations, we easy find that 

(« <g> id H ) o (i ® id H ) o A H ) (id) = A^, H . (32) 

Corollary 4.1. T/ie maps K** M , 72£. iH G Hom r (Ql7, Q|T] ® J(e)//(H) 2 ) are 
linearly independent over Q p . 

Proof. Lemma H3] says (TZ^* m)^i •••> (^™* h) are linearly independent. □ 

Corollary 4.2. Let notations be as in Lemma l4.5l For every <pi, <f> n G Homr(?7, Z[r](g> 
1(H) / 1(H) 2 ) there is a Isomorphism e : H — > H such that <pi = Sh e o o'g 1 o 7£^» H 
/or every i. Furthermore, e can be chosen such that e(W) = 0. 
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Proof. Lemma H3] says that e can be chosen to satisfy (4>iY l<£> = 5_f/°eo5 B[ 1 o(7?.^« jj)^ 
for every i and e(W) = 0. □ 

We make the identification Z p = I(H )/I(H ) 2 = H := Gal(AT, P °° / K) and 
view Z as subgroup of I (H ) / 1 (H ) 2 . Then U* = Homr(i7, Z[r]) is identified as a 
subgroup of Hom r (C7, Z[T] ® I{H )/I{H ) 2 ). 

Over choose a finite number of places not in 5 such that with respect to the 
abelian extension K/k the decomposition subgroups at these places generate the 
Galois group T. Let 5" denote the set form by these places. Suppose $ = t,(<f>i A 
. . . a (j) n ) ^ with <K, .-, <p n e U* C Hom r (£7, Z[r] ® I{H )/ I{H ) 2 ). By Corollary 
14.2} there is a Z p -morphism e : H — ► H such that 

0i = $h o e o 5" 1 o 7^, jIH , for z = 1, n. (33) 

Since $ 7^ 0, the co-kernel of the morphism e must be finite. Let c be its order, 
and let L\ be the fixed field of the kernel of e and denote H\ = Gal(Li/K), G\ = 
Gal(Li/fc). We have e = j o Q where Q : EI — > Hi is the natural projection and 
j : Hi cHq if - Furthermore, Corollary 14.21 says that e can be chosen such 
that every place of K sitting over 5" splits completely over Li/K. Thus, over Li/k 
the decomposition subgroup at each place in S' is a finite subgroup of Gi and these 
decomposition groups generate a finite group which, under the natural projection 
Gi — > Gij Hi = T, is isomorphic to T. This means that Gi is the direct product 
T x Hi. 

Let cr g Hi be the generator such that j(o~) is c times the Frobenius in Hq, and 
let t = a — 1 G Z[Hi]. Then we have 

F p [Gi]=F p [T][[t]] (34) 

and by Lemma 12.51 the nth relative augmentation ideal Ip Hi is just the principal 
ideal (t n ). If ei is an element in QA n U, then £ n (lZ^ Hi (ei)) = a n t n for some a n G 
F p [r] and we have 

$(ei) = A • • ■ A n )(ei) = a« = Val^e/^ AC^^i)))- 

In particular, if T^h^i) is defined, then $(ei) G Z p [F], and hence ei is an element 
of Z(j,)AqC/. Thus we have prove the following corollary. 

Corollary 4.3. If TZ Vy u{t) is defined, then e is indeed an element of 'Lu^KqU . If 
notations are as above, then we have 

^(e)=VaU,n,G/H 1 (^,H 1 (e)). (35) 

Lemma 4.6. Suppose that n and rj are as those in Conjecture 11.11 Then the fol- 
io wings are true. 

(1) The map TZ^ m : QA n U — ► QI^/I^ +1 is injective. 

(2) For each X e f , the map K*^ =: [ X ] o K> M : QA"[/ — > FJ"/J™ +1 zs 
injective. 

Proof. The ^-twist map [x] : QI^/J^ 1 — >■ FJ^//^ +1 is injective, and hence Part 
(2) is a consequence of Part (1). 
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To prove Part (1), We first apply Corollary 14. II and choose an admissible H such 
that H ~ for some d and the subspaces TI^ Hq (U), Tl^* iHo (U) C Q[T] <g> 
I(H )/ I(H ) 2 are linearly independent over Q p . To simplify the notations, put 
W = Q p <g> U, V = Q p Iho/Ihq an d linearly extend each 1Z^* Ho to the map 
TZi : W — >V. 

From Equation (!29l) . we see that it is enough to show that the map 

LH^Kt a ■ ■ • a Tz n ) : A n w — > q p ®^ r^jrff- 

is injective. 

By Lemma 12.51 and Equation f fT4l) . in the category of Q p [r]-module, Q p ®z p 
Ihq/Ih^ 1 is nothing but the nth symmetric tensor of V. Without loss of gener- 
ality, we can assume that V = TZi(W) © • • • © TZ n (W). If 

W = Wi + ■ ■ ■ + w m 

is the decomposition of W into irreducible Q p [r]-modules, then A n W is decomposed 
into the direct sum @ A Wa, where, associated to each A = {ii, i n } C {1, m} 
such that \A\ — n, W A is the exterior tensor of W h , W in . Also, Q p ©z p Iho/^ 1 is 
decomposed into the direct sum ® A a V^ CT , where associated to each pair (A, a) with 
A as above and a £ S n , the symmetric group of n elements, Va,o is the symmetric 
tensor of Tl 1 (W cr ^ 1 )) J ...,TZ in {W a ^ in )). By ([27j), the homomorphism lh (Tli A • • ■ A7?. n ) 
is injective on each Wa and it sends Wa into ^ CTe 5 Va )CT . Therefore, it is injective 
on A"U'. 

□ 



5. The main theorem 

In this chapter, we state our main theorem and show that it implies Theorem 11.11 
and Theorem ll.2[ We also state a twisted version of it. 

5.1. The main theorem. 

Theorem 5.1. Let notations be as in Corollary ll.il Then for every admissible H , 
the Stickelberger element Qq e 1^. Furthermore, there is a unique e G Z( p )Ag T such 
that for every admissible H 

K %H {e) = [9 G ] (n , H) (36) 

Note that the uniqueness of e follows from ( |36l) and Lemma 14.61 
Now we show that this main theorem implies Theorem 11.11 

Proof, (of Theorem 11.11) Let H = Gal(fnF (jP °°/A') and let a be the Frobenius, and 
apply Val CTn q/h °¥ to both side of ( |36l ). Then we use Lemma I37T1 and Lemma 

o □ 

5.2. The Conjecture of Gross. To complete the proof of Theorem 11.21 we need 
to use some results concerning a conjecture of Gross, which will be discussed in this 
section. This conjecture can be viewed as a refinement of the class number formula 
in which det#/, an refined regulator of Gross, is involved. 
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In |Gro88j . this refined regulator is defined as an element in I n /I n+1 . We instead 
choose to adopt Tate's definition |Tat97j and define the refined regulator as an 
element in the group ring. Here we describe Tate's definition of the refined regulator. 

For a place w G S(K') let : U(K') — ► I(H') / I(H') 2 be the map in (J23D, 

and let 5h> be the map in (fl3l) . Suppose w[, ...,w' r , are distinct places in S(K') 
and Ui,...,u r i is a Z-basis of U(K'), and assume that the ordering of them are 
chosen such that the classical regulator form by them is positive. Then the refined 
regulator of Gross is defined as 

det w = det (f>w(^w'.,H'( / u>j)) — 1) G I(H') rK '- (37) 

l<i,j<r K i 1 

For each K' , recall that Hk 1 ,s(K'),t(K') is the modified class number defined in (jlj). 

Conjecture 5.1. (Gross) We have 8h> G I(H'Y K ' and 

8 H > = h K , )S{K , ))T(KI) ■ det H > (mod I(H'Y K ' +1 ). 

For evidences and related discussions of this conjecture, see, for examples, [Aok91, 
IAok03l lBun02l IBun04l iBnTM IBar95l |Hay88| IHuaOil ILee97l lLee02l ILee041 lReK)2l 



ITat97l ITat041 ITan95L ITan04l IYam89] . We will need the following result from |Tan95] . 

Theorem 5.2. We have 8 H > G I P (H'Y K ' and 

6 H , = h K , tS{K <),T{K<) ■ det^ (mod I P (H'Y^' +1 ). (38) 

Note that in [Tan95j . this theorem is proved only for the case where H' is a 
pro-p group. But, since 9h> is known to be in I(H') and if H' = H' x H' is the 
decomposition into the direct product of the pro-p part, H' and the non-p part, 
Hq, then for each m > 1, 

I p (H') m /Ip(HT +1 = I P (H' p r/I P (H' p ) m+1 x I P {HX/lMT + \ 

with I p (H' Q ) m / I p (H' Q ) m+l = 0. Therefore, the theorem holds for general H'. 
We are ready to show that Theorem 15.11 implies Theorem 11.21 

Proof, (of Theorem 11.21) We recall the notations in the proof of Corollary 14.31 Thus 
the admissible Galois groups Hq and H\ are chosen and we have G% — V X Hi, also 
cr G Hi is a generator and with t = ex — 1 G 1\Hi\ we have 

Z p [G 1 ]=Z p [T][[t}} 

such that the nth relative augmentation ideal J™ Hi is just the principal ideal (t n ). 
The first part of Theorem 15.11 say that 0q 1 G I p h 1 an d hence 

9 Gl = a n t n + ■■■ + + . . . , en G Z p [r], (39) 

from which, we get a n = Vsla,n,G/Hi([&Gi)(n,Hi))- Now Corollary 14.31 and the second 
part of Theorem 15.11 says that 

$( e ) = V&\ a ^ G / Hl {TZ V)Hl {e)) = Val ffjn>G /Hi([0G 1 ](n,£r 1 )) = «n- (40) 
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If Vi G So, then it splits completely over K and hence for u G U(k) the im- 
age X Vi , Gl (u) e HH^/HHi) 2 C /(Gi)//(Gi) 2 . This implies that det Gl is in 
J(C7i) r - n /( J ffi) n and hence 

det Gl = b n t n + ■■■ + bit + ■■■ . (41) 

Since G\ is the direct product of Y and Hi, the augmentation ideal I p (Gi) is 
generated by i and I P (T). Therefore, an element 

f = c + cit + • • • + erf + ■■■ E Z p [Gi] 

is in I p (Gi) m if and only if q G ip(r) m_l for every i < m. This together with ( 1391) . 
(I4ip and Theorem 15.21 implies that for i = n, ...,r^ 

a t = b t (mod I p (Ty*- i+1 ). (42) 
From (I3"3"j) . we see that for i = 1, ...,n and it G U{k) 

S gI(K,Gi(u)) - 1 = 4>i d \u)t. 
For i = n + 1, rfc and m G U(k), we have 

^(A^g^w)) = A„ i)r (w) • cr Q , for some a G Z p , 

and hence 

SatiKMu)) - 1 = A^rH - 1 + at (mod I P {G X )I P {H X )). 

Therefore, 

det Gl = Reg*t n + 6 n+1 r +1 + ---- 
This together with (T40l) and (|4*2l) implies the theorem. 



□ 



5.3. A twisted version. 



Theorem 5.3. Let notations be as in Corollary ll.il Then for every admissible H , 
and every \ G T, the twisted Stickelberger element 9 X G Iq h . Furthermore, there is 
a unique e G Z( p )Ag T such that for every admissible H and every x G f , 

K V ,X,H = [0x](n,H)- (43) 

Proof. We only need to use Theorem 15.11 and then apply the \- twisted map to the 
Stickelberger element and the refined regulator. The uniqueness is a consequence of 
Lemma 14.61 □ 



6. The decomposition of the refined regulator 

6.1. The canonical pairing. In this chapter, we show that detn, the regulator of 
Gross, is decomposed into a product of some kind of irreducible factors. To do so, 
it is helpful to consider the dual version of the homomorphism A#/, which can be 
described as a pairing. 
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Definition 6.1. Let 

Y'(K') = Kom z (Y(K%Z), 
X'(K') = Kom z (X(K'),Z), 

and let 

< ■, ■ > H r. U(K') x Y'{K') — > I(H')/I(H') 2 
be the pairing defined by 

<u,<f> > H >= ' X ^ u ^ f° r aU u G U ( K ')> $ G Y \ K ')- ( 44 ) 

wes(K') 

This pairing factors through a unique pairing on U(K') x X'(K'), which, by the 
abuse of notations, will also be denoted as < -,- >h>- 

Following from (|26p . for H' C H", we have 

< u,<f) \y'(K")>h"=< u,(j) >w, for all u G U(K"), <f) G Y'(K'). (45) 
Directly from the definition, we have 

< a u, a (f) > H '=< u, <j) >h>, for all a G G, u G U(K'), G Y'(K'), (46) 

where 

a <f>{w) = <P(o-\w)). 

If A = {ai}i=i,... lf .„,, -B = {^}j=i,...,r K / are Z-bases of U(K') and X'(K'), then as 
usual the associated discriminant of the pairing < •, • >h' is defined as 

det(< ai,bj >)i j=i,..., rjf/ 
= E^ eSrx , signl 71 ") < a h K(i) > < <h K „K{r K ,) >, 

which is considered as an element of I(H'Y K ' /I(H'Y K ' +1 . This discriminant is 
independent of the choice of the bases up to ±1. The following Lemma is obvious. 

Lemma 6.1. Let w[, ...,w' r , G S(K') and the basis m, ...,u r[(/ G U(K') be as in 
the definition of det^'- Choose the basis (pi, ...,<f) r , G X(K')' such that 
(f)i(aiw[ + • ■ ■ + aiw[ + • ■ • + a rK ,w' r /) = Then the associated discriminant of 
< -, • > H > equals [det H >]( n )- 

If L/K is the constant Z p -extension and a G if is the Frobenius, then 
Val CTjr ([det ff]( r )) is just the classical regulator of [/. Therefore, the following lemma 
holds. 

Lemma 6.2. Suppose that L/K is the constant Z p - extension. Then the pairing 

U x X\K) 1(H) /1(H) 2 ^Lh = Z p 

has all its values in Z C H . Furthermore, this pairing induces a perfect pairing on 
QU x QX'(K). 
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The x-eigenspace of F p X'(K) will be denoted as X' % . We have 

xef 

We denote by < •, • >h, p the induced pairing on F p U x F p X'(K). Note that by 
Equation (JIB]) and Lemma I6~2"l we have a duality between the F p [r]-modules U x and 
X' x -i, where U x is the x-eigenspace of F p ® [/ with dim Fp [/ x = r x . 

Definition 6.2. Zet < ■, ■ > x denote the restriction of < ■, ■ >jf, p to C/ x x X' If 
A x = {ci, ...,c rx } and B x -i = {di, d rx } are F p -bases ofU x and X' _ 1; i/iera define 

[ det x](r- x ) = det (< Cij^J >)i,i=l,...,r x 

= EttG^ Sig 11 !^) < C l 5 rf 7r(l) >•■..-< C Tx , d Arx) >, 

which is viewed as an element in Ip p (H) Tx / Ip p (H) rx+1 . 

This discriminant is independent of the choice of bases up to elements of F* 

6.2. (K/k, S^-extensions. The main result of this chapter is Proposition 16. 11 which 
concerns the decomposition of the refined regulator det#'. For this purpose, we need 
to consider Galois extensions that might not be admissible. 

Definition 6.3. Let L/k be a Galois extension. Then L/k is called a (K/k,S)- 
extension, if K C L and the associated field extension L/K is pro-p, abelian and 
unramified outside S(K). If L contains the given field L, then we say that L/k 
is a (K/k, S)- extension of L/k and H := G&l(L/K) is a (K/k, S)- extension of 
H = Gal(L/K). We say that L/k is a strict (K/k, S)- extension of L/k and H is 
a strict (K/k, S)- extension of H, if L/k is the maximal admissible field extension 
contained in L/k. 

If H is a strict (K/k, S')-extension of H, then the natural quotient map H — > H 
factors through 

where the second arrow has a finite kernel. 

Lemma 6.3. Suppose that L'/K is a pro-p abelian extension unramified outside 
S(K). Then there exists an extension L/k, which contains L'/k and is a (K/k,S)- 
extension of L/k . If both H and Gdl(L' / K) are finitely generated over % v , then L/k 
can be chosen such that Gal(L/K) is finite free over Z p and its maximal admissible 
quotient is also finite free over Z p . 

Proof. For the first statement, we let L be the adjoin of L/K with all the fields a L' , 
a e G&\(k sep /k). 

If the conditions of the second statement hold, then G&\(L/K) is finitely generated 
over Z p . Lemma 12.31 (for K, = K and S = S(K)) then implies that there is an 
abelian extension M/K which is unramified outside S(K), with Galois group finite 
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free over Z p and contains L/K. Let M' be the adjoin of all the fields a M, a G 
Gal(k sep /k). Then M'/k is a {K/k, 5')-extension and Gal(M' / K) is finite free over 
Z p . The maximal admissible quotient of Gal{M' / K) might not be free over Z p . By 
Lemma [2.11 we can chose an admissible extension L"/k such that the Galois group 
Gal(L" /K) is finite free over Z p and contains the maximal admissible quotient of 
Gal(M' / K). We complete the proof by replacing L by M'L". □ 

6.3. Universal pairings. 

Definition 6.4. Let A, B and C be F p -vector spaces and let {ai}i, {bj}j be bases 
of A and B. A pairing of F p - spaces 

$:AxB — ► C 

is said to be universal, if the set {$(aj, bj)}ij is linearly independent over F p . 

In other words, $ is universal if and only if its image generates a subspace which 
is canonically isomorphic to A ®p p B. 

Suppose that L/k is a (K/k, S')-extension and H = G&\(L/K). Then H is abelian. 
We can use (]44"1) and define the paring 

<;->„.UxX'(K)^I(H)/I(H) 2 . 

Then the pairing < • , • >^ is T-equivariant in the sense that 

<TV0>^= 7 <u,(j)>H, for all u G U,<f> G X'(K),j G T. (47) 

Definition 6.5. A (K/k, S)- extension L/k is universal if it satisfies the following. 

(1) The Galois group H = Ga\(L/K) is finite free over Z p . 

(2) The induced pairing 

F p -UxF p - X'(K) — Fp ■ I(H)/I(H) 2 = I Fp (H)/I Fp (H) 2 
is universal. 

Definition 6.6. An admissible extension L/k, as well as the Galois group H = 
Ga\(L/K), is said to be unrestricted, if the following conditions are satisfied. 

(1) H ~ Zp, for some d. 

(2) There exists a universal strict (K/k, S) -extension of H. 

(3) The constant Z p - extension L /K is a sub-extension of L/K. 

Lemma 6.4. The followings are true. 

(1) Suppose that L'/k contains L/k and they are both (K / k, S)- extensions. If 
H' := Gd\(L' / K) is finite free over Z p and L/k is universal, then L'/k is 
also universal. 

(2) Suppose that L'/k contains L/k and they are both admissible. If H' := 
Gal(L' / K) is finite free over Z p and L/k is unrestricted, then L'/k is also 
unrestricted. 

(3) Every admissible extension whose Galois group is finitely generated over Z p 
is contained in certain unrestricted admissible extension. 
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Proof. Part (1) follows directly from the definitions. For Part (2), we just note that 
if L/k is a universal strict (K/k, S) -extension of L/k, then Part (1) implies that 
LL'/K is a universal strict (K/k, S)-extension of L'/k. 

To prove Part (3), we first note that by Lemma 3.3 of [Tan95j . a universal 
(K/k, S 1 ) -extension M/k exists. We denote by L' the field obtained by adjoining 
M with the given admissible extension and the constant Z p -extension. By Lemma 
16.31 there is a (K/k, S')-extension L/k such that L contains L' and both Qd\(L/ K) 
and its maximal admissible quotient are finite free over Z p . Since L contains M and 
M/k is universal, by Part (1), L/k is also universal. This completes the proof. □ 

6.4. The decomposition. In view of (1461) . for the admissible Galois group H, the 
pairing < •, • >h,p is T- invariant and hence can not be universal. However, we are 
going to show that if H is unrestricted, then its x _ P a rt, < • > x > is universal for 
every x £ f\ 

Lemma 6.5. Assume that H is unrestricted. The fallowings are true. 

(1) For each x £ f , the pairing < •, ■ > x is universal over F p . 

(2) The linear sub-spaces < U X ,X' , > x , x f\ °f F p ■ I (H) / 1 (H) 2 are linearly 
independent over F p . 

Proof. Let if be a universal strict (K/ k, S)-extension of H. Let the H^ 1 ' C H be the 
1-eigenspace of T. Then the natural quotient map H — > H induces an isomorphism 

F p ® Zp H^-^F p ® Zp H. (48) 

To simplify the notations, for the rest of the proof, for every Galois group Ti, through 
the isomorphism 5-n (see f }T3"]) ). we will identify I (H) / 1 (H) 2 with H . 

By the T-equivariant property of the pairing < -, ■ the restriction of 
idF p ® < -, ■ >h to U x x X' a has values all in F p (g> Zp H^. 

To say that idp p ® < ■, ■ is universal is the same as to say that the induced 
homomorphism F P ®U ®X' — > F p H is an injection. Since © xg f U x <S> X' x 



x~ 



is 



a direct summand of F p <g> U X' and its image under the induced homomorphism 
is in F p ®i p the lemma is proved by taking the isomorphism ( 1481) . □ 

6.5. The associated homogeneous polynomials. Let Ver denote the transfer 
homomorphism 

VCr: G ^ £, (49) 

For simplicity, we will also let Ver denote the restriction of it to a subgroup H' as 
well as the induced maps on augmentation quotients. 

Definition 6.7. Suppose that H ~ and £ is a'Lp basis. Let R = O p and recall 
the notations in ( |T5l) . ( jTBT) . For eac/i if' define the homogeneous polynomial 

fw ■= ^,F p ([Ver(det H ')]r K ,)) e Fp[s u s d }. 

Also, for each x G f ; define the homogeneous polynomial 

fx '■= fe,x '■= d £,F P ([Ver(det x )]r x ) G F p [s 1: ...,s d ]. 
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The polynomial fu> is independent of the choice of the basis of H up to elements 
of Z*. The polynomial f x is uniquely defined up to elements of F* 

Definition 6.8. Let H be an unrestricted admissible group. Then a Z p -basis £ is 
called rational if the following conditions are satisfied. 

(1) 

<U,X\K)> H C^2Z-5 H {a). (50) 

aes 

(2) If Lq/K is the constant r L p -extension with Gs1{Lq/ K) = Hq = Z p and it : 
H — ► H is the natural projection, then 

7r(<r) G Q n Z p C Z p , for all a 6 £ . 

Lemma 6.6. An unrestricted admissible Galois group always has a rational basis. 

Proof. Suppose that H ~ Z^ is unrestricted. Let A be a Z-basis of U and let B be 
a Z-basis of X'(K). We can find a (^-dimensional Q- vector space V C Q p <g> such 
that {< a, 6 | a 6 i,& G B} C 5ff(V). Then M := V n H is a free Z-module of 
rank d. Let £ be a basis of M. Then obviously, the inclusion (1501) holds. Lemma 
16.21 implies that £ is rational. □ 

Proposition 6.1. Suppose that H — Z^ is unrestricted, and £ is a rational basis. 
Then for each H' , the homogeneous polynomial fu 1 is in Q[si, Sd] and for every 
X, the polynomial f x is absolutely irreducible and can be chosen in F[s±, Sd] such 
that for some number cGf* 

fH>=c-Hf x . (si) 

Furthermore, the polynomials {f x \ x £ f} are algebraically independent over F p . 

Proof. The inclusion ( 1501) implies that fu € Q[si, sj. Similarly, in XLec/ ^ ' u 5 
we can find a Z p -basis of U x and in J^ex'rin F ■ x we can find a Z p -basis of X' 
Then we have f x G F[si, sj. 

Since H is fixed by T and < •, • >h is T-invariant, for x' ^ x~ X the restriction of 
< ■) ■ >H,p to the set U x x is the trivial pairing. This shows the existence of 

Equation (151j) for H' = H. In general, we use the compatibility equality (1451) and 
view < *, • >_ff' iP as a part of < -, • >h iP - 

For each integer m, consider the determinant of the m by m matrix (Uj), where 
tij, i — 1, ...,m, j = 1, ...,m are independent variables over a field. It is well known 
that the determinant of this matrix is absolutely irreducible (see [Van70j). This fact 
and Lemma T6. 51 imply the irreducibility and the algebraic independence of / x 's. □ 

6.6. The explicit expressions. Let r\ and Wi,...,w n be as in Definition 11.21 and 

let w {i) e X'(K) be such that w {i) (J2 w es(K) a ^ w ) = a ^ for evei T E we S(K) a w W ^ 
X\K). Then {w^\ ...,w^} generate a free Z[r]-module of rank n. Assume that x 
is a character of V such that r x = n. Then 

{pE^)' 7w(l) l i = l,-..,n} 
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is a basis of the F- vector space X'(K) x -i. Also, if M is a Q[r]-free sub-space of 
Q • U of rank n and is generated over Q[T] by {ei, e n }, then 

is a basis of the F p - vector space U x . Using Definition 14.31 and equations (l27j) and 
161). we obtain 



[Ver(det) x ] r(x) = Ver (det ( £ r x(t) • A 7 (^.)( e *) ) j=i,-,» 

\ V /j=1,...,j 

= Ver(^ iXiH ( £l A... Ae n )) 



(52) 



7. The proof 

7.1. The product formula. As before, H' is a subgroup of G such that H C i? 7 . 
Since H' is a closed subgroup, each character ip e if' can be extended to a character 
on G. Let T'^ denote the set of all such extensions of ip. Recall the definitions 
in Section HO of the modified L-function Ls{k i ),t{K'){'^i s ) an d the Stickelberger 
element 6h>- By Class Field Theory, we have the following product formula. 

Ls(K'),T(K')(ip,s) = JJ L SjT (0, s). (53) 

Proposition 7.1. Suppose that H' is a subgroup of G such that H C H' . Then in 
the group ring 0[G], we have 

0h> = J] e x- (54) 
xer' 

Proof. Apply every ip to both sides of (lo"4l . then use the product formula (15*3"]) . □ 

Definition 7.1. Assume that H ~ Zp and £ = {ai, cr^} is a feasts of H over Z p . 
Let R = O p and recall the notations in (|15|) . ffTBT) . For eac/i if' define 

6f = ^,F p ([Ver(^')](r K ,))- 
For eac/i x G f 7 let n x 6e suc/i t/iat Ver(0 x ) G I 0p (H) nx \ I 0p (H) nx+1 and define 

= ^,F p ([Ver(# x )] K) ). 

Proposition 7.2. Suppose that H ~ IJz is unrestricted and £ is a rational basis. 
Then for each H' , the homogeneous polynomial 

t,H' = h K ',S{K'),T[K')fH'- (55) 

In particular, is in Q[si, and is nonzero. Furthermore, we have 

6r' = II ^- (56) 
xer' 

Proof. It is a consequence of Theorem 15.21 and Proposition 17.11 □ 
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7.2. The end of the proof. In this section, we complete the proof of the main 
theorem. 

Proof. We only need to prove the theorem for the case where H = H. Since HI is 
the projective limit of unrestricted admissible groups, we will first consider the case 
where H is unrestricted and £ is a rational basis. For Xii Xi T, denote Xi ~ X2 if 
they generate the same cyclic subgroup of T. 

Step 1: For each x G f , there is a character x' ~ \ and a constant c(x, x') £ F* 
such that 

t x = c{ X ,x')-fx'- (57) 

To show this, we recall equations (loTj) . ([5*5*]) and f[5T)l) and let if' run through all 
the subgroup of G containing H. Consequently, there IS cl G F* such that 

II ^' = c x • II /x'- 

Under the natural action of GaZ(Q/Q) on f , the set {x'\ x' ~ x} form an orbit. 
For each r G Gal(Q/Q), we have ^ x = T 9 X G and hence 

n x > = deg(C x = deg(£ x ) = deg(/ x ) = r x , if x ~ X- 

Since all the f x > are absolutely irreducible and algebraically independent, there is 
a x' an d a number c(x, x') such that f[5*T|) holds. 

We need to show c(x,x') F*. The problem is that we don't know if the poly- 
nomial £ x has its coefficients in F, although by Proposition 16.11 this holds for the 
polynomial f x '. To overcome this problem, we apply the natural projection 

n:H — > H = Gal(L /K), 

where, as before, Lq is the constant Z p -extension of K. Let a be the Frobenius in 
H and let t = a — 1. Then ir(£) C Qcr and tt*(/ x ') = b r - x ,t rx with b r , G F for each 
x'- Since 7T*(/h-) = &H-t r , where is a nonzero multiple of the classical regulator of 
U, by the product formula floTj) . we have fo r , G F*. 

Also, Lemma 13.1( 2) and the functorial property of the Stickelberger elements 
imply that if 7r J| ,(Ver(6 l x )) = a rx t Tx + • ■ ■ G F p [[i]], then a Tx is a nonzero rational 
multiple of the r x th derivative Ls,t(Xi 0) <rx * ) G -F*. Therefore 

c{ X ,x') =ar x /K x G F*. 

Step 2: X ' = X- 

To show this, we need to apply a work of Hayes. According to |Hay88|, our 
Theorem 15.11 and its consequence Theorem 15.31 are true in the case where n — 1. 
Let — S\ {t>2, ...,v n }. Since v±, ...,v n G S split completely in K, the extension 
K/k is unramified outside Also, > 2, since n < #5 — 1. If an abelian 

extension L^'/K with Galois group is admissible with respect to the setting 
(K/k, S^ 1 '), then it is also admissible with respect to (K/k, S). We assume that 
is unrestricted with respect to (K/k,S') and (after certain extension, if necessary) 
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the given L contains We will use 6^ l \ £W, det^, £W and so on to denote 
the objects derived from and S^ 1 '. Let Q : H — > be the natural quotient 
map. Then for every tp G Y 

g,(^) = (i-K])...(i-K]).^, 

where [wi] G if' is the Frobenius element at W{. Also, there is a G -F* such 

that 

Q«([defy] (tv) ) = c'(^) ■ (1 - M) ... (1 - [m n ]) • [detJV^-n+i)- 
Hayes' result together with Equation (1521) implies that 

Q*(/x) = c"(x)-Q*(y, (58) 

for some c"(x) £ F* ■ Equation (1571) and (1581) imply that /£, and are propor- 
tional to each other. This can not happen unless x' = Xi since H^ l > is unrestricted 
and all the ip ET, are algebraically independent. 

Step 3: There is an e in QA™[7 such that for every \ G f , 

[Ver(^)] (n) =Ver(^ )X ^(e)). (59) 

By (1521) . there is an e' in QA n [7 such that for each there is a c x G F* such 

that 

[Ver(0 x )] (n) = c x • Ver(^ )XjH (e')) G / Fp (tf)7^(/ir +1 . 

Here we have 

c x = 0, for a character \ such that r x > n, (60) 
and also, for every r G Gal(Q/Q), 

Ct x = c x- 

Then there is an element a G Q[T] such that x( a ) = c x f° r ever y X £ f\ Let 
e = a • e'. Then Equation (1591) holds for every 

Step 4: e G 6/S. 

It is easy to see that 

Ver: I Fp (H) m / I Fp (H) m+1 — > I Fp (H) m /I Fp (H) m+1 



x i — > |r| m x 



(61) 



is inject ive. 

As in definition 13.21 for each 7 G T, let # 7 be the 7-part of #g. Then 

Ver(0 x ) = ^ X (7)-Ver(0 7 ), 

and Equation implies that each Ver(# 7 ) G I Fp (H) n . If # 7 G H \ 7^, then 
^^l^M)) = 7 ® 0[ 7 ],m 7^ 0, for some 6 h] , m G I Fp {H) m / 1 Fp {H) m ^ and hence 
[Ver(6» 7 )] (mi H) = |r| m 6>[ 7 ] im ^ 0. But we also have [Ver(0 7 )]( TOrH -) = [Ver(6> 7 )]( TO ), 
which is zero unless m > n. This shows every Q 1 is in Ip H and so is Qq- Lemma 
E3]and Lemma [23] imply that 6 G G 1%. 
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Step 5: [e G ] {n , H) = £(K hH (e)). 
Put 

Kh& = X> ® ^ e I Fp {HY/I Fp {H) n +\ 



7er 



and 



Then 



and 



£- l {[0G] { n,H)) = ® * M G I Fv {H) n /I Fv {H) n +\ 



7er 



Ver(7^ XiH (e)) = £ |r|» X (7)^ e *F p (H) n / I Fp (H) 



n+l 



7er 



\n+l 



[Ver^] ( „^) = £ |r| n x(7)^[ 7 ] G I Fp {H) n / 1 Fp {Hy 

By applying the inverse Fourier transform to (lo^I) . we deduce that 6*[ 7 ] = 7?. 7 G 
I Fp (H) n for every 7 G T, and hence 

PgW) = £(Kh(*))- (62) 

We have proved the above equality in the case where the coefficient ring is F p , but 
Lemma 12.41 and Lemma 12.51 say that the same equality holds in the case where the 
coefficient ring is Z. 

Step 6: the case H = EL 

Lemma 14.61 and Lemma 16.41 say that if H is unrestricted and is large enough 
then the exterior product e in (|6"2"1) is unique. Taking projective limit, we see from 
the functorial properties that this e also satisfies (l6"2l for the case where H = EL 
Corollary 14.31 says that e G Z( p )Aq{7. From f[6"Ul) . we see that e 6 Z( p )Ag T . 

□ 
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